Quantum computers are expected to handle hard computational problems and provide unbreakable security protocols. Among different quantum computer implementations, those based on quantum optics and nuclear magnetic resonance show good advancement in building large scale machines. However, the involvement of optical and nuclear techniques makes their development very critical. This motivates us to apply formal techniques, in particular theorem proving, in quantum circuits analysis. In this work, we present the formalization of multiinputs/multi-outputs quantum gates (technically called multi-modes optical circuits). This requires the implementation of tensor product over complex-valued functions. Firstly, we build a formal model of single optical beams and then extend it to cover circuits of multi optical beams, with the help of the developed tensor product algebra. As an application, we formally verify the behavior of the optical quantum CNOT gate and Mach-Zehnder interferometer.
Introduction
Quantum computers implemnt algorithms that would outperform classical machines, in particular for solving hard problems: a well known example is Shor's algorithm for integer factorization [10] . The new machine capabilities also offer powerful unbreakable security systems, e.g., [2] . Similar to classical machines, quantum ones consist of a new notion of a bit, called quantum bit (abbreviated as qbit ), and a set of universal quantum gates, e.g., the Controlled NOT (the quantum counterpart of the classical NOT gate) [18] . The implementation of the quantum machine has been carried out in small scales using different means and technologies, such as ion traps [6] The analysis and verification of this kind of optical quantum circuits and gates is very critical and faces some difficulties since traditional analysis techniques are ineffective. For instance, it has been proved that the simulation of a single time instance of a quantum system requires solving an exponential number of differential equations [4] . This motivates us to apply formal methods in this area, since the latter has enabled significant advancements took place in many engineering areas, e.g., analog systems designs [22] , information theory [17] , and sensor networks [3] .
Recently, some developments for the formal verification of quantum optics has been conducted in higher-order logic (HOL) theorem proving [12] [14] . The main reason behind the choice of HOL is because of the high expressiveness it offers. Definitely, this comes at the expense of the full automation that HOL provers do not offer. However, HOL theorem proving still provides a good compromise compared to other automated formal techniques, such as model checking [1] , that are unable to deal with the details of quantum systems. The application of abstraction techniques is not of much help as it would implicitly converge a quantum system to a classical one [21] . Frst-order logic is not suitable either since in most of the targeted quantum definitions and theorems there are quantifications over functions and predicates.
Based on [14] , the formal model of one of the quantum computer gates, namely the optical flip gate, has been developed along with its verification [13] . However, the existing work is limited to single-input/single-output optical systems, which is technically called the single-mode optical beams theory. In this paper, we tackle the formalization of tensor product for complex-valued functions in order to allow the analysis of multi-inputs/multi-outputs systems, which is technically called multi-mode optical beams theory. As an application, we apply the multi-mode theory in the analysis of two quantum optical circuits: the Mach-Zehnder interferometer [16] and the Controlled NOT gate [19] . The former is a common circuit in quantum computing and quantum optics. The latter is a larger circuit, which is one of the universal gates of quantum computers. This shows the effectiveness of formal methods, especially in the case of complicated circuits with multiple connections. The verification of the two circuits is handled by two tactics that automatize most of the process, which removes a lot of burden from the interactive user, typically a system designer.
The rest of the paper is organized as follows: Section 2 briefly summarizes some basics of quantum optics. Section 3 deals with the formalization of L 2 space and single-mode theory. Section 4 contains the formalization of multimode and tensor product. Then, Section 5 discusses the formalization of the CNOT gate and the Mach-Zehnder interferometer and their verification, along with more elaboration about the tactics involved. Finally, we conclude the paper in Section 6 and provide hints to future work.
Note: the whole formalization presented here is implemented using the HOL Light theorem prover, and is freely available at [15] .
